We answer two conjectures suggested by Zalman Rubinstein. We prove his Conjecture 1, that is, we construct convergent iterative sequences for / " ' ( z ) with an arbitrary initial point, where fm(z) = z + z m with m > 2. We also show by several counterexamples that Rubinstein's Conjecture 2 is generally false. 
Introduction
Zalman Rubinstein constructed convergent iterative sequences for the polynomials /(z) = z + z m , m>2, with initial point in the lemniscate {z\ |/'(z)| < 1} by variational methods. His main results showed that for every point z 0 e {z\ |/'(z)| < 1}, the iterative sequence z n+l = f(z n ), n -0,1,..., converges to 0 as n -> oo. In the particular case m = 2, convergent iterative sequences were constructed also for f~l{z) with an arbitrary initial point. For the case m > 2, and more generally, for polynomials with positive real coefficients, the following two conjectures were mentioned in [1] . [2] Convergent iterative sequences of polynomials 383 CONJECTURE 2. Let f{z) = z + aiz 2 -\ \-a m z m be of degree m>2, and assume that a^ > 0 for all k. Then for every ZQ such that |/'(zo)| < 1, the sequence z n+i = f{z n ) converges.
In this paper, we will discuss the above two problems. We will show that Conjecture 1 is true, while Conjecture 2 is generally false, by way of several counterexamples.
Definitions and lemmas
We need some results of the Fatou and Julia theory of iteration ( [3] , [4] and [5] ; also see [2] ). Let f(z) be a polynomial. 
is a r o o t of unity respectively). We also call {/"(z)} a. forward orbit of / at z, and denote by f~"(z) the inverse images of / " at z, for n = 1,2, Every branch of f~n{z) on a domain is denoted by f~"{z).
The following results of Fatou and Julia will be used.
(1) F is open. J is perfect and non-empty. F and J are completely invariant under / , that is, f{F) = f~l{F) = F, etc.
(2) The Julia set coincides with the closure of the set of repulsive periodic points. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700033103 Qiu Weiyuan [3] Now suppose that g(z) = z + a m z m H is a power series analytic at the origin. For 0 < 8 < n/2 and sufficiently small p > 0, we define the domain , " , , 
+oo, then 
Now p ^ 0 implies r ^ 0 and (1 ± r m~' ) ^ 0. Thus, the above equality shows that z = re'" and /(z) = ^>(2*+i)*i/(m-i) H e on the same straight line l k .
However.if z = re (2fc+i)t'/(»i-i) e ^ w j t h r r e a j a n d z e f~\h k ), then we have This shows the symmetry of the figure of f~l(h k ). Gj.
Theorem and its proof
Next, we consider the convergence of f~"(z) in the set {z m~x e R}. If z e L, then /~'(z) e G from Lemmas 3, 4 and the construction of / " ' .
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700033103
The above discussion shows that f~"(z) tends to zero as n -> oo. If z = 0 then /-"(0) = 0 for all n > 0. We will prove that {z m~x e R}\(L U {0}) = {z m~l > 0} U {z" 1 " 1 < 0}\L lies in the Fatou set of / .
By Lemma 2, {z 1 
Counterexamples
In this section we will give two examples to show that Conjecture 2 is false. EXAMPLE 1. Let /(z) = z(l + az) 2 , a > 1, be a polynomial with positive real coefficients. Now / ( -I / a ) = 0 e J (since /(0) = 0 and /'(0) = 1 is a root of unity, from Result 3) and -I / a e / (since the Julia set is completely invariant, from Result 1). It is easy to see t h a t / ' ( -l / a ) = 0, so that -I / a is in D, one of the components of {z\ |/'(z)| < 1}. But / is a perfect set and the repulsive periodic points of / are dense in J from Results 1 and 2. There exists at least one repulsive periodic point p € D with period not less than 2. Thus f"(p) does not converge.
Since -1 / 2 < f'(z) < 1 when z e [-l/a,0), we have D D [-l/a,0). So the origin is a boundary point of D. If we restrict the initial point to be in the component of {z\ |/'(z)| < 1} with boundary point 0, the result is also not true.
In this example, we showed that for a polynomial with positive real coefficients f(z), the set {z\ |/'(z)| < 1} may contains some points in / . The use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700033103
